Deconfined quantum critical point was proposed as a second-order quantum phase transition between two broken symmetry phases beyond the Landau-Ginzburg-Wilson paradigm. However, numerical studies cannot completely rule out a weakly first-order transition because of strong violations of finite-size scaling. We demonstrate that the fidelity is a simple probe to study deconfined quantum critical point. We study the ground-state fidelity susceptibility close to the deconfined quantum critical point in a spin chain using the large-scale finite-size density matrix renormalization group method. We find that the finite-size scaling of the fidelity susceptibility obeys the conventional scaling behavior for continuous phase transitions, supporting the deconfined quantum phase transition is continuous. We numerically determine the deconfined quantum critical point and the associated correlation length critical exponent from the finite-size scaling theory of the fidelity susceptibility. Our results are consistent with recent results obtained directly from the matrix product states for infinite-size lattices using others observables. Our work provides a useful probe to study critical behaviors at deconfined quantum critical point from the concept of quantum information.
I. INTRODUCTION
Many quantum phase transitions [1] in strongly correlated many-body systems can be described by some order parameters according to the Landau-Ginzburg-Wilson (LGW) paradigm. For continuous phase transitions, the behavior close to quantum critical point, such as the quantum critical point and the universal critical exponents, can be well described by the renormalization group theory [2, 3] . For a finite-size system, there is no phase transitions. But the critical point and the universal critical exponents of the phase transitions can be obtained from observables of finite size systems through the finitesize scaling theory [4, 5] . In the LGW description, two spontaneous symmetry breaking phases would undergo either a first-order phase transition, or two phase transitions with an intermediate region between them.
The deconfined quantum critical point (DQCP) [6, 7] was proposed as an example with a direct second-order quantum phase transition between two broken symmetry phases, which is beyond the LGW paradigm. A large number of two dimensional models were proposed to exhibit deconfined quantum phase transitions . However, the nature of the phase transition in these twodimensional models is still under debate because of violations of finite-size scaling [25] , which was unexpected in deconfined quantum critical theory. Two possibilities exist for the quantum phase transitions in the aforementioned two-dimensional models, they are either a weakly first-order phase transition described by the LGW paradigm or a second-order phase transition predicted by the deconfined quantum critical theory. To clarify the nature the deconfined quantum phase transitions [25] , it well deserves to investigate the behaviors of much more quantities beyond the traditional ones of correlation functions at the DQCP. In addition, the numerical simulations are very difficult to perform for two dimensional systems, especially for frustrated systems where the quantum Monto Carlo could fail due to sign problems [25] . While unfortunately most of designed models hosting DQCP are frustrated quantum magnets [25] . Recently, simple spin models [34] [35] [36] [37] [38] are proposed to explore an analog of DQCP [39] [40] [41] , which allows for easily numerical simulations with a high accuracy. In this paper, we investigate the finite-size scaling of the fidelity susceptibility in a spin chain model which presents an analogy of DQCP using the finite-size density matrix renormalization group (DMRG) method [42, 43] based on the matrix product states [44, 45] . We demonstrate that the fidelity is a simple probe to study the DQCP. Surprisingly, we find that the finite-size scaling of ground-state fidelity susceptibility obeys the conventional scaling behavior, strongly supporting the phase transition is continuous. We extract the quantum critical point and the correlation length critical exponent of the deconfined quantum phase transitions using different scaling approaches. The results we obtained agree with each other and are also consistent with recent results obtained directly from infinite-size systems.
This paper is organized as follows. In Sec. II, we briefly introduce the quantum spin chain model with DQCP. In Sec. III, we review the fidelity, fidelity susceptibility and their finite-size scaling behaviors. In Sec. IV, we present the numerical results and discuss the finite-size scaling behaviors of the fidelity susceptibility near DQCP. Finally, in Sec. V, we give a discussion and a summary.
II. MODEL
The model we considered here is a simple spin chain proposed recently [35, 37, 38] with the Hamiltonian
Here σ α i with α = x, z are the Pauli matrices at the i-th site along the x and z directions, and J α and K α are respectively the nearest-neighbor and next-nearestneighbor spin-spin coupling constant. The model has the
, and the inversion symmetry σ [35] . The critical values and critical exponents vary according to the couplings J α and K α . In the following, we simply choose J x = 1, K x = 1/2, K z = 1/2 and J z > 0 as studied in [38] . For J z = 1, the ground state is an exact valence bond solid (VBS) dimerized state (also called MajumdarGhosh state) [37] . Increasing J z , the ground state will become a ferromagnet phase (zFM). The transition between VBS phase and zFM phase is a second-order quantum phase transition predicted by deconfined quantum critical theory.
In the following, we will study the finite-size scaling of the ground-state fidelity susceptibility near the critical point of this spin chain. We support that the transition is a second-order continuous quantum phase transition by the finite-size scaling of the fidelity susceptibility. Moreover, we argue that finite-size scaling of the fidelity susceptibility in the spin chain obeys a conventional scaling behavior, which is the same as the finite-size scaling behaviors of other second-order transitions [46] .
III. FIDELITY AND FIDELITY SUSCEPTIBILITY
Given a general Hamiltonian H(λ) = H 0 + λH 1 with λ being a driving parameter, the ground-state fidelity is defined as the absolute value of the overlap between two ground-state wave functions [47] ,
where |ψ 0 (λ) is the ground-state wave function of the Hamiltonian H(λ), and δλ is a small change of parameter λ. Expanding the fidelity F (λ, λ+δλ) up to second-order in small deviation δλ,
we get the fidelity susceptibility χ F (λ) as [48] χ F (λ) = lim
Since the overlap of two different ground states tends to zero, the fidelity susceptibility for finite systems will usually reach a maximum at a particular driving field λ * which is close to the critical point. Therefore the fidelity susceptibility can be used to detect quantum phase transitions, including second-order phase transitions and topological Berezinsky-Kosterlitz-Thouless (BKT) transitions [69] [70] [71] [72] [73] [74] .
For a continuous second-order transition, it was shown that the fidelity susceptibility χ F near the critical point scales with the system size N as [46, 57] [62] . If N 1, one can ignore the subleading term − N 32 , the fidelity susceptibility will scale as χ F ∝ N 2 , implying that the exponent ν = 1 for the quantum Ising chain from Eq.(5). We note that: (1) the scaling described by Eq. (5) is only correct in the vicinity of critical value λ c . For any finite systems, the critical value λ c means the peak position λ * corresponding to the maximum of the fidelity susceptibility; (2) usually there is an unknown subleading term for the fidelity susceptibility, i.e. the − N 32 term for the quantum Ising chain. Both facts will demand numerical simulations for very large system sizes. Therefore there will be a small drift when extracting the exponent ν using different lattice sizes. However we note that the drift coming from fidelity susceptibility should be different from the drift found for DQCP due to the anomalous finite-size scaling of physical quantities. Because such a drift comes from the subleading term of the fidelity susceptibility and in principle can occur for all second-order transitions and can be ignored when fitting the data up to hundreds or thousands of lattice sizes.
IV. FINITE-SIZE SCALING NEAR DQCP
In the following, we perform the DMRG simulations based on the matrix product states and we use the open boundary conditions to get a better accuracy. We compute the fidelity susceptibility χ F for N = 288, 336, 384, 432, 512 sizes and keep M = 300 to M = 500 states with the step of driving parameters dJ z = 10 −3 and dJ z = 10 −4 during the simulations. We find that the ground state energy and the fidelity susceptibility converge respectively up to the order 10 −8 and 10 −5 . Fig.1 shows the fidelity susceptibility per site χ N = χ F /N as a function of control parameter J z for different lattice sizes. One can clearly see that there is a peak in the fidelity susceptibility located in the zFM phase and the peak of fidelity susceptibility per size χ N increases and moves towards to the VBS phase with the increase of the system sizes N . We determine the correlation length critical exponent ν = 1.446 ± 0.007 from the fitting the maximum of the fidelity susceptibility as shown in Fig.2 according to Eq.(5). The small drifts are obtained from the different fitting using different system sizes. We note that this small drifts come from the subleading term of fidelity susceptibility, which is fundamentally different from that due to scaling of DQCP as we mentioned above.
Alternatively, the correlation length critical exponent ν can be determined by finite-size scaling of χ F [57, 64, 66, 68] at continuous phase transitions,
Eq. (6) tells us that if we plot χ F /L 2/ν as a function of scaled parameter L 1/ν |J z − J c z | for different system sizes, all curves collapse into a single one if ν is properly chosen. As shown in Fig.3 , we plot the scaled fidelity susceptibility
It is known that a weakly first-order transition with a huge but finite correlation length ξ can also show a "pseudoscaling" with a nice data collapse [75, 76] . In order to rule out the weakly first-order transition, one has to compute the correlation length ξ. It is shown in Ref. [37, 38] that the the correlation length ξ diverges. Hence, such a conventional finite-size scaling behavior of fidelity susceptibility indicates that the phase transition at DQCP is second-order. It is an open question that why there are the anomalous scaling behavior of other quantities. However, we found that the fidelity susceptibility in the DQCP obey the usual scaling behaviors. The reason why the fidelity susceptibility obeys the conventional scaling behavior may be due to the fact that the fidelity susceptibility can be regarded as a quantum geometric tensor [49] , which is different from other physical quantities. It would be interesting to investigate whether other geometric tensor, such as quantum Fisher information [77] , the geometric phase [78] and Loschmidt echoes [79] obey the conventional scaling behaviors at DQCP. We provide an example with conventional finite-size scaling behavior to understand the DQCP from aspect of the quantum information.
V. CONCLUSION
In summary, we have shown that the fidelity susceptibility can be used as a probe for detecting the DQCP. We have extracted the critical point and the correlation length critical exponent of the deconfined quantum phase transitions from the finite-size scaling of the fidelity susceptibility. More importantly, we have shown that the fidelity susceptibility obeys the conventional finite-size scaling behaviors at the DQCP, which supports that the DQCP is of second order phase transitions. It is interesting to investigate wether the deconfined critical theory can prove that the fidelity susceptibility indeed obey the conventional scaling behaviors, and whether other geometric tensors, such as the quantum Fisher information [77] , the geometric phase [78] and the Loschmidt echoes [79] would obey the conventional finite-size scaling theory. Meanwhile, it would be very important to study the finite-size scaling of fidelity susceptibility for two dimensional systems with DQCP using the quantum Monte Carlo method [80, 81] . In addition, it was shown that [82, 83] the fidelity susceptibility is connected to dynamical structure factor which can be measured experimentally in the linear response regime, thus experimental measurement of the fidelity susceptibility for deconfined quantum phase transitions may be performed in near future.
